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$\frac{du}{dt}=f(t, u(t))+g(t, u(t))$ (1.1)
. , $f$
, $g$ , .
, $f$ , $g$ ,
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IMEX ,
. , $f$ , $g$
IMEX
$u_{n+1}=u_{n}+\Delta tf(t_{n+1}, u_{n+1})+\Delta tg(t_{n}, u_{n})$ (12)
. , $\Delta t$ , $t_{n}=t_{0}+n\Delta t,$ $u_{n}$ } $u(t_{n})$ .
1 ,
, (Hundsdorfer &Verwer $[9|$ , IV.4, ,
). , , IMEX
.
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(1.1) IMEX ,
$\sum_{j=0}^{k}\alpha_{j}u_{n+j}=\Delta t\sum_{j=0}^{k}\beta_{j}f(t_{n+j}, u_{n+j})+\Delta t\sum_{j=0}^{k-1}\beta_{j}^{*}g(t_{n+j}, u_{n+j})$ , (1.3)
. , $\alpha_{j},$ $\beta_{j}$ $k$ , $\beta_{j}^{*}$
,
$\gamma_{\dot{J}}$ , $\beta_{j}$ $\beta_{j}^{*}=\beta_{j}+\beta_{k}\gamma j$
. IMEX ,
$\frac{du}{dt}=\lambda u(t)+\mu u(t)(\lambda, \mu\in \mathbb{C})$ (1.4)
Frank, Hundsdorfer &Verwer [6] ,
[2, 8, 13, 16, 17]. $\lambda u(t)$ $f,$ $\mu u(t)$ $g$ ,
(1.3) ,
$\sum_{j=0}^{k}\alpha_{j}u_{n+j}-z\sum_{j=0}^{k}\beta_{j}u_{n+j}-w\sum_{j=0}^{k-1}\beta_{j}^{*}u_{n+j}=0(z=\Delta t\lambda, w=\Delta t\mu)$ (1.5)
. , $S$ ,
$(z, w)=(\Delta t\lambda, \Delta t\mu)$ ,
( , Hairer &Wanner [7], Chapter V ) ,
$S$ .
, root locus method $S$ .
, , $S$ $\mathbb{C}^{2}(\simeq \mathbb{R}^{4})$ , $S$
.
, (1.4) , Barwell $[$3 $]$
.
$\frac{du}{dt}=\lambda u(t)+\mu u(t-\tau)$ $(\lambda, \mu\in \mathbb{C})$ (16)
( , ) ,
$S$ . , $\tau>0$ .




$=f(t, u(t))+g(t, u(t), u(t-\tau))$ (1.8)
. , (1.4)





. 2 , , $P$
, . 3 , $P$
, $P$ 2 .
4 , . ,
, Bellen &Zennaro $[$4] , $-$
, & $[$ 15$]$ 3 . , IMEX
, Koto $[$ 12, 13$]$ .
2
$\alpha_{j},$
$\beta_{j}$ $P$ $(p\geq 1)$ , $\gamma_{j}$ ,
$\varphi(t)$ , $\varphi(k\Delta t)=\sum_{=0}^{k-1}\gamma_{j}\varphi(j\Delta t)j+\mathcal{O}(\Delta t^{p})$
.
$\sum_{j=0}^{k-1}j^{q}\gamma j=k^{q}$ $(q=0,1, \ldots , p-1)$ (2.1)
. , 2 2 , $\gamma_{0}+\gamma_{1}=1$ , . $1=2$
, $\gamma_{1},$ $\gamma_{0}$ $\gamma_{1}=2,$ $\gamma_{0}=-1$ ( ) .
(2.1) , (13) $\mathcal{O}(\Delta t^{p+1})$ ( , [9], p.387,
Theorem 4.2 ), , $P$ .
,




$S=\{(z, w)\in \mathbb{C}^{2}:(2.3)\Rightarrow|\zeta|<1\}$ (2.4)
. , IMEX (1.2) ,
$\rho(\zeta)=\zeta-1$ , $\sigma(\zeta)=\zeta$ , $\sigma^{*}(\zeta)=1$ , (2.5)
, $\zeta-1-z\zeta-w=0$ . , $\zeta=(1+w)/(1-z)$
,
$S=\{(z, w)\in \mathbb{C}^{2}:|1+w|<|1-z|\}$ (2.6)
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.
$S$ $z$ $\{(z, w):z\in \mathbb{C}\}$ ,
$S_{A}=\{z\in \mathbb{C}:\rho(\zeta)-z\sigma(\zeta)=0\Rightarrow|\zeta|<1\}$ (2.7)
. $z\in S_{A}$ , (2.3) $|\zeta|=1$ $w$
, $\Gamma_{z}$
$\Gamma_{z}$ : $\frac{\rho(\zeta)-z\sigma(\zeta)}{\sigma^{*}(\zeta)}$ , $\zeta=e^{i\theta}$ , $\theta\in \mathbb{R}$ (2.8)
, , $S$ $z$ $S\cap\{(z, w)$ : $w\in \mathbb{C}\}$
. IMEX , (2.5)
$[\rho(\zeta)-z\sigma(\zeta)]/\sigma^{*}(\zeta)=-1+(1-z)\zeta$ , $\Gamma_{z}$ $-1$ $|1-z|$
( 2.1 ). $z$ , $S$ $\mathbb{R}x\mathbb{C}\simeq \mathbb{R}^{3}$
, 2.1 ( ) .
BDF2 (2 , $\alpha_{2}=3/2,$ $\alpha_{1}=-2,$ $\alpha_{0}=1/2,$ $\beta_{2}=1,$ $\beta_{1}=$
$\beta_{0}=0)$ $\gamma_{1}=2,$ $\gamma_{0}=-1$ $\beta_{1}^{*}=2,$ $\beta_{0}^{*}=-1$
IMEX IMEX BDF2 . ,
$z$ , 22( ) .
$S$ , $z$ $S$ , 22( ) .
IMEX ( 2.1) ,
.
2.1:IMEX
(1.7) , $($ 1.8 $)$ IMEX
$\sum_{j=0}^{k}\alpha_{j}u_{n+j}=\Delta t\sum_{j=0}^{k}\beta_{j}f(t_{n+j}, u_{n+j})+\Delta t\sum_{j=0}^{k-1}\beta_{j}^{*}g(t_{n+j}, u_{n+j}, u_{n-m+j})$ (29)
. (1.6) ,






. , IMEX $P$ $S_{P}$
$S_{P}= \bigcap_{m\geq 0}S_{P}^{(m)}$ , $S_{P}^{(m)}=\{(z,$ $w)\in \mathbb{C}^{2}$ : $($2.11 $)$ $\Rightarrow$ $|\zeta|<1\}$ $($2.12 $)$
. , $S_{P}\subset S$ ,
$\gamma_{z}=\inf\{|w|:w\in\Gamma_{z}\}$ (2.13)
, $P$ , .
1. $(\alpha_{0}, \ldots, \alpha_{k}),$ $(\beta_{0}, \ldots, \beta_{k})$ 1 .
$($ a$)$ , $($b $)$ , $($c $)$ , $($ a$)$ $\Rightarrow(b)\Rightarrow(c)$ .
(a) $z\in S_{A}$ $|w|<\gamma_{z}$ (b) $(z, w)\in S_{P}$ (c) $z\in S_{A}$ $|w|\leq\gamma_{z}$
, $(a)\Rightarrow(b)$ . $|\zeta|\geq 1,$ $z\in S_{A}$ , $($ 2.11 $)$
$\zeta^{m}=w\frac{\sigma^{*}(\zeta)}{\rho(\zeta)-z\sigma(\zeta)}$ (2.14)
. $m\geq 0$ , 1 .
, $z\in S_{A}$ , $|\zeta|>1$ , ,
$|w| \sup_{|\zeta|=1}\frac{\sigma^{*}(\zeta)}{\rho(\zeta)-z\sigma(\zeta)}$ $= \frac{|w|}{\gamma_{z}}$ (2.15)
. , $|w|<\gamma_{z}$ , 1 , $(2.15)_{\tau}$
(2.11) . $(a)\Rightarrow(b)$ .
$(b)\Rightarrow(c)$ , , in $t$ Hout &Spijker [10] (in $t$ Hout&Spijker
[11], Liu &Spijker [14] [4], p.310, Lemma 10.2.24 ) .
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$(\alpha_{0_{7}}\ldots, \alpha_{k}),$ $(\beta_{0}, \ldots, \beta_{k})$ 1 , $z\in \mathbb{C}$ ,
$\rho(\zeta)-z\sigma(\zeta)\equiv 0$ . , [101 Corollary 3 , $(z, w)$
(b) , $z\in S_{A}$ , $|\zeta|=1$ $|w\sigma(\zeta)|\leq|\rho(\zeta)-z\sigma(\zeta)|$
, (c) .
IMEX BDF2 , $\gamma_{z}$ ( 2.3
$)$ , $S_{P}$ , $S$ , $z$ ‘ ” ( 23 ).
lm $w$
2.3: IMEX BDF2 $P$
3 $P$
IMEX BDF2 , IMEX (2.6)





$(C_{1})S_{A}\subset \mathbb{C}^{-}=\{z\in \mathbb{C}:{\rm Re} z<0\}$ $(C_{2})\sigma(\zeta)=0\Rightarrow|\zeta|<1$
. , $\Gamma^{*}$
$\Gamma^{*}$ : $\frac{\sigma^{*}(\zeta)}{\sigma(\zeta)}$ , $\zeta=e^{i\theta}$ , $0\leq\theta\leq 2\pi$ (3.1)
, $r= \sup\{|w|$ : $W\in\Gamma^{*}\}$ . , $r\geq 1$ ,
$S_{P}\supset\{(z, w)\in \mathbb{C}^{2}:r|w|<-{\rm Re} z\}$ (3.2)
.
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(2.1) , $\gamma j$ $\sum_{j=0}^{k-1}\gamma j=1$ ,
$\sum_{j=0}^{k-1}\beta_{j}^{*}=\sum_{j=0}^{k-1}\beta_{j}+\beta_{k}\sum_{j=0}^{k-1}\gamma_{j}=\sum_{j=0}^{k}\beta_{j}$
. , $\sigma^{*}(1)/\sigma(1)=1$ , $r\geq 1$ .
, $|\zeta|\geq 1$ . (C2), (C2) , $z\in \mathbb{C}^{-}$
$\rho(\zeta)/\sigma(\zeta)-z\neq 0$ ,
${\rm Re} \frac{\rho(\zeta)}{\sigma(\zeta)}\geq 0$ (3.3)
. $($ 2.11 $)$
$\frac{\rho(\zeta)}{\sigma(\zeta)}-z=\zeta^{-m}w\frac{\sigma^{*}(\zeta)}{\sigma(\zeta)}$ (3.4)
, $r|w|<-{\rm Re} z$ , (3.3) ,
$-{\rm Re} z$ , , ${\rm Re} z$ ,
. , (3.2) $S_{P}$
.
$|mw$
3.1: IMEX BDF2 3.2: IMEX ,
$\Gamma^{*}$ IMEX BDF2 $\gamma_{z}$
IMEX , $\sigma(\zeta)=\zeta,$ $\sigma^{*}(\zeta)=1$ , $\Gamma^{*}$
, $r=1$ . IMEX BDF2 , $\Gamma^{*}$ 3.1
, $r$ $w=-3$ 3 . ,
BDF2 , $(C_{1})$ , $($C2 $)$ , 2 , IMEX
$P$ $\{|w|<-{\rm Re} z\}$ , IMEX BDF2 $P$
$\{3|w|<-{\rm Re} z\}$ . , $P$
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$\gamma_{z}$ , $z$ , 3.2 . IMEX
$\gamma_{z}$ $z$ , IMEX BDF2 $\gamma_{z}$ ,
$-z/3$ ( ) . , , $P$
$\{|w|<-{\rm Re} z\}$ , $P$ .
$P$ 2 , 2 2
. , $a,$ $b$
$\{\begin{array}{l}\alpha_{2}=a, \alpha_{1}=1-2a, \alpha_{0}=a-1\beta_{2}=b, \beta_{1}=\frac{1}{2}+a-2b, \beta_{0}=\frac{1}{2}-a+b\end{array}$ (3.5)
, 2 $(C_{1})$ , (C2) , $a,$ $b$
$a> \frac{1}{2}$ , $b> \frac{a}{2}$ (3.6)
(Hairer &Wanner [7], p.249, Exercise V.1.5). , $(a, b)=(3/2,1)$
, BDF2 , . , (3.6) , $r$
$r=\{\begin{array}{ll}\frac{a}{2b-a} (b<\frac{a(4a^{2}-2a+1)}{4a^{2}+1})\frac{4a^{2}-1}{\sqrt{16b\sqrt{\xi}+\eta}} (b\geq\frac{a(4a^{2}-2a+1)}{4a^{2}+1})\end{array}$ (3.7)
, , ( , $[1|$ )
. ,
$\xi$ $=$ 2 $(2b-2a+1)(b+2a^{2}-a)$
$\eta$ $=$ $(4a^{2}-1)^{2}-8(2a-1)^{2}b-32b^{2}$
. , $\gamma_{1}=2,$ $\gamma_{0}=-1$ $\beta_{1}^{*}=1/2+a,$ $\beta_{0}^{*}=1/2-a$ . ,
$a=b$ , $r$
$r= \frac{2a+1}{2a-1}$ (3.8)
. , , $a=b$ , $a,$ $b$ ,
$(C_{1})$ , (C2) , $r$ 1 .
, (3.5) , $r=1$ . , $\Gamma^{*}$
, $w=1$ $(w\neq 1)$ $|w|>1$ ( 3.1 ) ,
$a,$ $b$ .
, $a=b=20$ , $r=1.0513(1/r=0.95122)$ ,
$z$ , 3.3 ( ) . IMEX BDF2




lm $w$ lm w
3.3: IMEX BDF2 $\Gamma_{z}$ ( ) $\Gamma_{z}$ ( )
4
, 2 . ,
$D,$ $A$ ,
$\{\begin{array}{l}\frac{\partial U}{\partial t}=D\frac{\partial^{2}U}{\partial x^{2}}-A\frac{\partial U}{\partial x}(t\geq 0,0\leq x\leq 1)U(t, 0)=1, U(t, 1)=0(t\geq 0)U(0, x)=\phi(x)(0\leq x\leq 1)\end{array}$ $($4.1 $)$
.
$U(t, x)=(e^{\frac{A}{D}}-e^{\frac{A}{D}x})/(e^{\frac{A}{D}}-1)$ (4.2)
( , $[9|$ , p. 84), ,
4.1 .
4.1: (4.1) $(D=1, A=10, \phi(x)=(1-x)^{2})$
$0\leq x\leq 1$ $0=x_{0}<\cdots<xj=jh<\cdots<x_{M}=1(h=1/M)$
, $x$ 2 , 1 , , 2
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,$\frac{du}{dt}=(Lu(t)+b)-Mu(t)$ (4.3)
. , $u(t)=[u^{1}(t)$ , ... , $u^{M-1}$ ( $T,$ $u^{j}(t)\approx$













. $\Delta t$ , IMEX BDF2 ,
. $\Delta t$ ,
$D=1,$ $A=10$, $M=1000$ ,
$\Delta t=1/m$ ( $m$ ) , IMEX BDF2
, $m=53$ $m=54$ , ( 42). 42
, $0\leq x\leq 1$ $x=1/2$ $u_{n}^{M/2}\approx U(t_{n},$ $1/2)$
. $\phi(x)=(1-x)^{2}$ , 2 (IMEX
BDF2 , ) IMEX .
4.3 , $m$ , $\ovalbox{\tt\small REJECT}arrow\log_{10}\Lambda_{m},$ $\Lambda_{m}=$ $\max|u_{n}^{M/2}|$
$5<t_{n}\leq 10$
. IMEX , 2 2
, 44 . ,
$m$ , , $\Delta t$ .
4.2: IMEX BDF2 (4.3)
- , (Wu [18], p. 220 )




. , $D$ , $\mu$ .
,
$\frac{du}{dt}=Lu(t)+g(u(t), u(t-\tau))$ , (4.5)
. , $L$ , $\sim$ $j$
$\mu u^{j}(t-\tau)[1+u^{j}(t)^{2}]$ .
$M\geq 3$ , $L$ $-8D$ , $\mu$
$|\mu|<8D$ , $($4.5) , $\tau>0$
( , Koto [12], Section 4 ).
( 45).
45: (4.5) $(D=1, \mu=-8, \tau=1, M=100)$
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, $\Delta t=\tau/m$ , IMEX BDF2
, . $D=10,$ $\mu=-80,$ $\tau=1$ ,
$M=1000$ , , IMEX BDF2
, $m=61$ $m=62$ , ( 46). ,
$\phi(t, x)=x(1-x)$ , , IMEX
.
, IMEX ,
, $m$ , . 47
. IMEX .
4.6: IMEX BDF2 (4.5)
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